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ABSTRACT. Let R be a complete local two-dimensional integrally closed noetherian
nonregular Gorenstein domain with maximal ideal » over an algebraically closed
field k, such that R/m = k. Then the category of finitely generated reflexive
modules is known to have almost split sequences, and our main result is that the
AR-quiver is an extended Dynkin quiver 4,,, D,, E, E, or E;.

Let R be a complete local two-dimensional integrally closed noetherian nonregu-
lar Gorenstein domain with maximal ideal » over an algebraically closed field k,
such that R/~ = k. Denote by L the category of finitely generated reflexive
modules, or equivalently, the (maximal) Cohen-Macaulay modules over R. Then L is
known to have almost split sequences [6,3,4], and we prove that if R is of finite
Cohen-Macaulay type, then the AR-quiver for L is an extended Dynkin quiver 4,

E(,, E7, or Eg, in a sense explained in §1. If the vertex corresponding to R is
removed, we get the corresponding Dynkin quiver.

The rational double points (over an algebraically closed field k) satisfy the above
hypothesis, including finite Cohen-Macaulay type [2]. If the characteristic of k is 0,
these are known to be the fixed point rings k[[ X, Y]]¢, where G C SL(2, k) is a
finite nontrivial group and the action is the natural one. In this case a proof for the
above result was given by showing that the 4R-quiver is isomorphic to the McKay
quiver for G C SL(2, k) [4], which was already known to be an extended Dynkin
quiver [17]. Here we give a direct proof valid for any characteristic. We use additive
functions, as in [15] for McKay quivers, the fundamental “almost split” sequence
from [3, 4], preprojective partitions from [10], and the computation of Grothendieck
groups using almost split sequences (see [8]).

The extension to arbitrary characteristic is of interest in connection with resolu-
tion of singularities, where for a rational double point the resolution graph is known
to be Dynkin. In particular this work is used in [13] to prove that there is an
isomorphism between the graph given by the 4R-quiver after removing R, and the
resolution graph, also in characteristic 2, 3, and 5.

We also give a generalization to the noncommutative two-dimensional case, for
lattices over a T-order A when T is a complete regular local ring with maximal ideal
m and T/ is algebraically closed. We here get as possibilities some additional
AR-quivers with loops. In the last section we compute the AR-quivers for some
noncommutative rings shown to be of finite lattice type in [1]. These computations
show that the cases with loops actually do occur.
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1. The main theorem. In this section we shall deal with a complete local
nonregular integrally closed noetherian two-dimensional Gorenstein domain R, with
maximal ideal », and study the category L of reflexive R-modules, which is known
to have almost split sequences [3,4]. For such a category denote for 4 and B
indecomposable in L by r,, the multiplicity of 4 in the minimal right almost split
map for B, and by s, the multiplicity of B in the minimal left almost split map for
A. Then we recall that the AR-quiver I" for L has as vertices the isomorphism classes
of indecomposable reflexives, and there are r,, = s,, arrows from A4 to B. This
holds when all End(A)/rad End(A) are isomorphic to the same algebraically closed
field k (see [11]), which is the case under the assumptions of the next theorem. We
denote by T, the quiver obtained by removing the vertex corresponding to the
projective module R. If in a quiver T the arrows between different vertices occur in
pairs - 2 -, we denote by |I'| the graph obtained by replacing - 2 - by - —+ and
oy G

We have the following result on the 4 R-quiver.

THEOREM 1. Let R be a complete nonregular integrally closed local two-dimensional
noetherian Gorenstein domain with R /m = k algebraically closed, assume that R has
only a finite number of isomorphism classes of indecomposable reflexive modules, and
let T be the corresponding AR-quiver.

The arrows in T occur in pairs -2 -, and |I'| is an extended Dynkin diagram A,
D,. E,, E,, or Eq. |T| is the corresponding Dynkin diagram A,, D,, E, E,, or Ey.

PrROOF. We first note that since R/» = k is algebraically closed,
End(A)/rad End(A4) = k for each indecomposable R-module A. Since R is Goren-
stein of dimension 2, we know that DTrM = M when M is an indecomposable
nonprojective reflexive module [3]. This shows that the arrows in the 4R-quiver
occur in pairs - 2 -. By [10] there is a preprojective partition for the category of
finitely generated reflexive R-modules, and since we have finite representation type,
every reflexive is preprojective. This implies that for every indecomposable M there
is a chain of irreducible maps from a projective module, that is, in this case from R.
It follows that I' is connected.

A crucial point in our proof is that even though there is no almost split sequence
with R on the right, there is an exact sequence 0 > R —f> ESR-R /m — 01[3,4],
called the fundamental sequence in [4], such that g: E — R is minimal right almost
split. It also follows directly or from [3] that f: R — E is minimal left almost split.
This shows that rk E = 2rk R = 2, where rk denotes rank, so that with respect to
the additivity formula of ranks the fundamental sequence behaves like an almost
split sequence. Hence by assigning to each vertex in the 4R-quiver the rank of the
corresponding module, we get an additive function for |I'|, that is a function & on
the vertices such that 2a(i) = Xa( j), where the sum is taken over all edges i - —- j.



ALMOST SPLIT SEQUENCES FOR RATIONAL DOUBLE POINTS 89
Then it is known (see [14]) that || must be extended Dynkin A4,, D,, E,, E,, Eg, or

C—iceeeD or :>'—'---‘—O-

We want to exclude the last two cases. The corresponding additive functions are
known to be an integral multiple of the following.

C.__.-_-._O and I'No—'---'—o [15]

Since tk R = 1, the listed ones would be the additive functions. The class group
C(R) of R has as elements the isomorphism classes of indecomposable reflexive
modules of rank 1. Since R is assumed not to be regular local, there are at least two
nonisomorphic indecomposable reflexive R-modules. Hence if one of the above cases
occurs, C(R) must be nontrivial. On the other hand C(R) can be computed in a
different way, using that K, (mod R) = C(R)LIZ, where K, (mod R) denotes the
Grothendieck group of finitely generated R-modules modulo the relations generated
by exact sequences (see [8]). In both cases we get one or two components of the form

a,_az_ i a,,_l_a?
by removing R. Consider the free group on the vertices ay,...,a,, modulo the
relations generated by almost split sequences, that is 2a, — a,, 2a, —a; —
as,...,2a, ,—a,_,—a,?2a,—a, ;—a,=a,— a, . From this it follows that

C(R) = (0), a contradiction.

Removing R means removing a vertex where the additive function given by ranks
has value 1. In each of the cases this gives for the extended Dynkin diagrams A the
Dynkin diagram A.

If for a category L having almost split sequences we drop the assumption
r4p = 545, We can consider the valued AR-quiver. Corresponding to an irreducible
map from A4 to B we now write

(r4B+548)
 —— .

B.

If R is as before, but without the assumption that R/ is algebraically closed, we
still have DTrA4 = A for A indecomposable not isomorphic to R. The valued arrows
between nonisomorphic modules then occur in pairs

(r4B>S4B)
L.
L — 9

(SBA>TBA)

where clearly r,p = sp,, 545 = 'p4. Note that

2,2)
—

-
— and -

(2.2
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are the same A R-quivers. We then define |I'| to be the valued graph where each such
pair is replaced by

(rap.s4p)

4.2 .p

and each
(r.r) , r
oo
The arguments on the preprojective partition and the fundamental sequence are still
valid. In this case the ranks give an additive function for the valued graph, defined
in a natural way, and in addition to the previous possibilities we have the valued
extended Dynkin diagrams or

(1.2)

1 1 1

———. __Q
1

or

e L
S — o —D [15].

Here we have also listed the corresponding smallest additive function. The first of
the last two cases can be excluded as before, but we do not know if the last one can
occur.

Theorem 1 applies to rational double points over an algebraically closed field,
since they are of finite representation type by [2], that is, have only a finite number
of isomorphism classes of indecomposables in L. In this case the resolution graph for
the corresponding isolated singularity is a Dynkin diagram. Based on a formula
which we shall next explain and which follows from Theorem 1 (or alternatively,
part of the proof), a direct proof of an isomorphism between |I';| and the resolution
graph is given by Esnault-Knorrer in [13).

When |I'| is extended Dynkin, we have r,, = 5,5. Since DTr is the identity on
nonprojective indecomposable reflexives, we have an additivity relation at each
nonprojective vertex. Using |T'| being extended Dynkin, it is easy to see that this
forces an additivity relation also at the vertex of R. In the proof of Theorem 1 these
statements followed from the “symmetry” for almost split sequences when R/ is
algebraically closed, and from the existence and properties of the fundamental
sequence. If now for each indecomposable reflexive 4;, B, > A4, denotes a minimal
right almost split map, the desired formula used in [13] is

n

n
[T(k4,)B, =2]](rk4,)A4,.
i=1 i=1
Here 4,,..., A, are all the indecomposable reflexives. Clearly a given A; occurs
2 1k A, times as a summand on the right. For each 4;, A4, occurs on the left with
multiplicity ¢, rk 4;, where ¢; is the multiplicity of 4, in B,. By our symmetry ¢; is
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then the multiplicity of 4, in C;, when 4; —» C; is minimal left almost split.
Summing up, we then get 2tk 4;, by additivity.

If we drop the asumption that R/~ = k is algebraically closed, the formula holds
if and only if the (smallest) additive function for |I'| is also an additive function for

(r,s) (s,r)

the valued graph obtained by replacing 4 - -BbyA -
the different cases, listed in [15], we must then have r = s for all edges, so that we
are back in the situation when |I'| is extended Dynkin. Hence the formula does not
hold in general when R/~ is not algebraically closed. It holds, however, for the
noncommutative two-dimensional rings treated in §3. In other dimensions we do not
have fundamental sequences.

We now make some remarks on the construction of almost split sequences for
rational double points. It is shown in [4] (in a generalized version) that if

- B. By considering

0>R—->E—>R->R/m—0

is the fundamental sequence, then for an indecomposable nonprojective reflexive
R-module 4,0 > 4 - E- A — A — 0is almost split if and only if chark + rk 4. If
char k |rk A, the sequence splits. Here E - A4 = (E ®j A)**, where X* =
Hom (X, R). Since by considering the smallest additive functions for extended
Dynkin diagrams we know that rk 4 < 6, all almost split sequences can be com-
puted this way when chark > 5. We note, however, that except for the case D, for
char k = 2, this principle can still be used to compute the almost split sequences. For
assume that for some indecomposable B, chark |tk B. Except for the case men-
tioned, for all neighbors A4; of B in |I'|, chark + rk 4,. Hence we have almost split
sequences 0 > 4, > E-A4, > A, > 0. B|E- A,, and the induced map 4, - B is
irreducible, and we get a minimal right almost split map I14, — B.

We end this section with observing that knowing that |I'| is extended Dynkin gives
information on the relationship between rank and minimal number of generators.

PROPOSITION 2. Let R be a rational double point over an algebraically closed field,
and let A be an indecomposable reflexive module not isomorphic to R. Then the minimal
number of generators of A is 2 1k A.

PrOOF. € induces an equivalence on the stable category, and as in the finite-
dimensional case [7], a map between indecomposable nonprojectives is irreducible if
and only if it is irreducible in the stable category. Hence  induces an automor-
phism on I,. By considering the additive functions, we see that @ must preserve
rank. Our claim then follows by considering0 —» QM — P - M — 0.

2. Generalizations. In this section we first give a generalization of Theorem 1 to
the two-dimensional noncommutative case, and for this we recall the definition of
order and lattice [3]. §3 will shed some more light on this. We also consider the
two-dimensional case when D Tr is not necessarily the identity, and also higher
dimensions.
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Let T be a complete regular local two-dimensional ring, and A an indecomposa-
ble T-order, that is, A is a finitely generated free T-module such that Hom (A, T') ,
is A -projective for all nonmaximal prime ideals £ in 7. A A-module L is said to be
a lattice if L is a finitely generated free T-module such that L, is A -projective for
all nonmaximal prime ideals £ [3]. Then we know that the category of lattices L has
almost split sequences, and in this case 7= DTr is given by 7(X) =
Hom (Hom (X, A), T') [3]. Considering 7 as a functor 7: mod A — mod A, we see
that 7 is right exact, and hence * = Hom (A, T) ® ,—. It is important that if P is
indecomposable projective, then we have an exact sequence

/
051P>ESPoP/radP -0,

such that g is minimal right almost split, and f is minimal left almost split [3].
Using ranks (over T, or when possible, over A), this provides us with additivity
relations as before.

As in the commutative case, the situation is especially nice when 7 is the identity
on indecomposable lattices. This is for example the case when A is a Gorenstein
R-order, that is, we have a bimodule isomorphism A = Hom (A, T). In §3 we will
see interesting examples where A is not Gorenstein, but still 7 = id for indecom-
posable lattices.

If there is only one indecomposable projective lattice, it follows as before by using
the preprojective partition that the AR-quiver I' is connected. With the same
arguments as before, where for simplicity we state the result for the case of
nonvalued quivers, we get the following.

THEOREM 3. Let T be a complete regular local two-dimensional ring with maximal
ideal m, and A a T-order of finite lattice type. Assume that v = id on indecomposable
lattices, and that T/ is an algebraically closed field k. Then the following hold for the
AR-quiver T and the stable AR-quiver T',.

(a) A connected component of |I'| is extended Dynkin or

C._.___._.Q or :>‘—""‘—O‘

(b) A connected component of |I,| is Dynkin or
O e\,

In §3 we shall see that contrary to the commutative two-dimensional case, the
diagrams with loops actually do occur.

As before, there are restrictions on the valued graphs when we drop the assump-
tion on T/».

Even if 7 is not the identity, considering ranks still gives additivity relations in the
two-dimensional case. If there are no loops in the AR-quiver I' and we have finite
lattice type, combinatorics shows that T' is of the form ZA/G, where ZA is a
translation quiver for an oriented tree A whose underlying graph is extended Dynkin
or A, and G is a finite group (see [18, 14]). An explicit computation for the
commutative rings of the form A = k[[ X, Y]] where G € GL(2,k) is a finite
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group and k is an algebraically closed field with chark = 0, is given in [9]. Other
examples when 7 is not the identity are given in §3.

For higher dimensions we do not have so satisfactory results since we do not have
“almost split sequences” for the projectives. Then, if DTr is the identity, the
combinatorics only applies to |I';|. For this recall that for a given graph a function «
on the vertices is subadditive if for every vertex i, 2a(i) > X a(j), where the sum
runs over all edges i - — - j. Let now R be a complete local integrally closed isolated
hypersurface singularity with R/ algebraically closed. Then DTrM = Q22" M
by [3] and Q*M = M by [12], where n = dim R. Hence D Tr is the identity for
M = R in even dimensions, and also in some cases in odd dimensions. In these cases
the rank function gives a subadditive function on |I| which is not additive.
Combinatorics then gives that if R is of finite lattice type, that is, has only a finite
number of isomorphism classes of indecomposable Cohen-Macaulay modules [5], the
connected components of |I';| are Dynkin or

O—-emee [18].

Now we point out that if chark # 2 it is known from [16] that |T|| is actually
Dynkin in the even-dimensional case, and the additional diagram occurs in any size
in any odd dimension. In the odd-dimensional case DTrM = QM for M # R, and
since QM = M, T, has a periodic vertex. Hence when there is no loop in L,
I, = ZA/G, where ZA is built from a Dynkin diagram A [14].

We point out that there is information along the same lines for infinite represen-
tation type, since there are still combinatorial results for additive and subadditive
functions [15].

3. Computations for two-dimensional orders. Let 7 be the power series ring
T = k[u, v]], where k is an algebraically closed field with chark = 0. Let 4 be a
maximal T-order with center T in a division ring D, and assume that A is not
commutative. In [1] Artin has given a description of when A4 has only a finite
number of isomorphism classes of indecomposable A4-modules which are free
T-modules. A4 is then a T-order in the sense of [3], and the 4-modules which are free
T-modules are the lattices. On the basis of Artin’s classification, we compute the
AR-quivers when A4 is of finite representation type. In some cases the equivalence

7= Hom;(Hom,(,A),T): L(4) - L(4)

induces the identity on indecomposable objects, in other cases not. From the point
of view of this paper the most interesting aspect of these computations is that both
cases with loops which we could exclude in the commutative case actually do occur.
At the same time we see that there is a close connection between the 4R-quivers and
the A-diagrams studied by Artin, thus giving an interpretation of Artin’s diagrams in
most cases.

We investigate the classes classified by Artin case by case (when there are at least
two indecomposables). We use his description of indecomposables of A-rank 1, and
the total distribution of ranks for all indecomposables. Note that the AR-quiver is
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connected since there is only one indecomposable projective lattice, by the argument
using preprojective partitions as before.
Type (11,). A is generated over T by x, y, satisfying

xt=u, yr*=u'v, xy+yx=20.

Here all indecomposable lattices have rank 1, and the nonprojective ones are
L,=(u,y),1<i<k.

We first observe that 74 = A. To see this, consider the T-basis {1, x, y, xy } for 4
as left T-module, and let f, : 4 — T be the T-map given by

fo,(r+nx +ry+rxy)=r,.

Then 7(A) = Hom(A4,T) = Af,, = A.

Let f: A — A be given by f(a) = ax, let g L, = (u, y) = A be the inclusion,
and consider the induced map (f, g): ALIL, — A. It is not hard to get a good
enough description of an arbitrary map h: L, — A to see that it can be lifted to
ALIL,. Since Im(f, g) = (x, y), any nonisomorphism h: A — A can also be lifted.
This shows that (f, g): ALIL, — A is right almost split, and a rank argument shows
that it is minimal right almost split, so that we have the “almost split sequence”
0 » A - ALIL, — A. Applying 7, we see that 7L, = L,. Hence we have an almost
split sequence 0 —» L, - AlIX — L, — 0. Applying 7 again shows that 7X = X.
Continuing, and using that the AR-quiver I' is connected, we get that 7 is the
identity on objects, and |I'| is

C—-—---—0 (k+ 1 vertices)
and [T} is
@ J (k vertices).
Type (I11,). A is generated over T by x, y, where

2

xt=v, yr=u, xy+yx=2ul"l

Here there is only one nonprojective lattice L of rank 1, and the k others are of rank
2.

{1,x, y,xy} is T-basis for 4 as a left T-module, and it is easy to see that
7(A) = Hom,(4,T) = Af,, = A, and Hom(4,T) = f,,4 = A. Denoting also by
7 the automorphism given by 7(a) = a’, when af,, = f, ,a’, we have 7(X) = X".
Here X denotes the A-module with the same underlying group as X, and where
A - x = 1(N)x. Since 7 clearly preserves rank, we have 7L = L. Consider the
“almost split sequence” 0 > A — K — A. Applying 7, we conclude 7K = K. As-
sume that K = K,11K,, where K, and K, both have rank 1. The only possibilities
for K, and K, are 4 and L, and in any case we would get a connected component
of the AR-quiver with all indecomposables having rank 1. It follows that K is
indecomposable. Consider the almost split sequence 0 - K — AIIX - K - 0. X
has rank 3, so X has one indecomposable summand of rank 1 and one of rank 2.
Since A/~ = k is algebraically closed, where » is the maximal ideal of A4, 4 is not
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a summand of X, and hence we have almost split sequences
0> K-> ALILIUK, - K—-0

and 0 » L —» K — L — 0. This shows that 7(K,) = K,. If K, = K, we are done. If
K, = K, we have the almost split sequence 0 - K, - K1IK, - K, —» 0. K, can
have no summand of rank 1, so K, is indecomposable of rank 2, and 7K, = K,

follows. Continuing this way, we see that 7 = id on all indecomposable lattices, and
{T)is

= ——---—0  (k+ 2vertices),
and |T|is
c—+===-—0  (k+ 1 vertices).

Type (IV). A is generated over T by x, y, where

xX*=v, y’=u’-v, xy=pyyx,
p; a primitive third root of 1. The indecomposable nonprojective lattices of rank 1
are L, = (u,x +y), L, = (u,x + p3y) and L; = (u, x + p3y). There is only one
additional indecomposable lattice L, of rank 2.

(1, x, y, x%, % xp, xp?, x*y, x*y?} is a T-basis for 4 as a left T-module. An easy
computation gives Homg(4,T) = Af,22 = f,2,24, and that the automorphism
. A —> A is determined by 7(x) = pix, 7(y) = p;y. We further can compute
(L)) =L,, 7(Ly) = Ly, 7(Ly) = L,.

Using this, it is not hard to compute the 4R-quiver. We have 74 = 4, and an
“almost split sequence” 0 = 4 —» E — A, and hence 7E = E. Clearly E = AllA,
and also no L, can be a summand of E. Hence £ must be the indecomposable of
rank 2. Further we have the almost split sequence 0 — E — ALIF — E — 0, where
A is not a summand of F. Since F has rank 3, one of the L, must then be a
summand of F. Applying 7 we get that we must have

0— E - AUL,LIL,IIL, » E > 0,

and hence we have almost split sequences 0 — 7(L;) > E —» L, — 0. The AR-quiver
is then

N

with 7 permuting three end vertices cyclically. |T'| is then

which is D,.
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Type (V). A is generated over T by x, y, where

xt=v, yr=0v'-u}, xp=-px.

There are two nonprojective indecomposables of rank 1, L, = (u, y + v) and
L, = (u, y — v). In addition there are three indecomposables of rank 2 and one of
rank 3.

Here {1, x, y, xy } is a T-basis for A as left T-module, and we have

Hom,(4,T) = 4f,,

as left A-module, so that 7(A4)=A. Also Hom;(A,T)=f,, A, and an easy
computation shows that 7 is induced by 7(x) = -x, 7(y) = —y. One can then
further compute that (L) = L,, 7(L,) = L,.

Consider the “almost split sequence” 0 - 4 — E — A. If E decomposes, we get
a component with indecomposables of rank 1. Hence E is indecomposable and
TE = E. Consider the almost split sequence 0 - E —» ALIF > E - 0. 4 is not a
summand of F, and since 7F = F, the indecomposable summands of F cannot all be
of rank 1. Also there cannot be exactly one of rank 1. It follows that F is
indecomposable of rank 3. Consider now the almost split sequence

0—- F—- ELIG—- F—0.

A rank argument shows that G has no summand of rank 1, and consequently none
of rank 3. Hence the indecomposable summands of G must have rank 2, and since
there can be no repeats, we have 0 - F — EIIE'1IE” - F — 0, where E, E’, E”
are the three indecomposables of rank 2. It now follows that the A R-quiver is

.}'
N 2:\/’}<

S,

From the point of view of this paper, the computations for (II,) and (III,) are
most interesting, since 7 = id, and

C._._.___.__.O and > =0

occur for |I'}, for any size of these diagrams. (The rings are, however, not Gorenstein.)
These diagrams also coincide with the A-diagrams of Artin in these cases, thus
providing an interpretation of these A-diagrams. This is still the case for (IV). For
(V) Artin’s A-diagram is E, which is closely connected with the AR-quiver T, since
T is of the form ZA/G, where A is an oriented tree of type Ej.
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